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Abstract 

We consider general linear superalgebra (type A) and tensor with 
Laurent polynomial ring in several variables. We then consider the 
universal central extension of this Lie superalgebra which we call 
toroidal superalgebra. We give a faithful representation of toroidal 
superalgebra using vertex operators and bosons. 



Introduction 

The purpose of this paper is to construct a faithful representation of toroidal 
superalgebra. To define toroidal superalgebra, let g be any finite dimensional 
Lie superalgebra with an invariant, super symmetric and even bilinear form. 
Let A = Cft^ 1 , • ■ ■ , t^ 1 ] be a Laurent polynomial ring in q commuting vari- 
ables. Then g ® A carries a natural Lie superalgebra structure. We now 
consider g £g> A © &A/d A where Qa/<i a is the module of Kahler differentials 
(see section 4 for details) which is central extension of g ® A and is called 



toroidal super algebras. They were first introduce in [EZ] and [IK]. If we 
take g to be a Lie algebra, we get the usual toroidal Lie algebra and they are 
extensively studied. See for example [£M], [£MY], expositary article [E] 
and the reference there in. 

In this paper we specialize to the case g = sl(M\N) (See section 2 for de- 
tails). In this case the toroidal superalgebra is the universal central extention 
of g (g> A and we denote it by r. See [IK] (We take M > 1, N > 1 and if 
M = N we take M > 2). 

In this paper we give a representations for r using vertex operators and 
bosons. For a suitable non-degenerate integral lattice T and a sublattice Q, 
we construct a Fock space V[r]. For each a G Q, define vertex operator 
X(a,z) such that its Fourier components X n (a) act on the Fock space. We 
also consider the Fock space $ given by bosons (see [Wl]). Then the product 
of vertex operators and bosons ( they commute ) acting on the bigger Fock 
space V[r] (g) $ give a representation for the toroidal superalgebra r. It should 
be mentioned that, for the case q = 1, the representation is stated in [lfW] 
without any details whatsoever. Actually one needs a cocyle on the lattice 
r to get representation even in the case q = 1. We have worked out all the 
details in section 3. 

In section 1 we recall the standard construction of vertex operators [FK] 
(homogeneous picture) and state the representation for the Lie algebra case. 
In section 2 we give a Chevalley type basis for gl(M\N) with the help of 
a co-cycle (2.4). In section 3, we define bosons and the Fock space $ on 
which bosons act. We now consider the bigger Fock space V[T] ® 5 and 
make the affine superalgebra ( the toroidal superalgebra for q = 1 ) act on it 
(Proposition 3.3). In the last section we state and prove the main Theorem 
4.6 which is to give representation to the toroidal superalgebra r. 



1 Vertex operators and Fock space 

In this section we recall the basic construction [FK] of vertex operators 
acting on Fock space. Unlike in [FK] our integral lattice need not be even. 
The lattice contains vectors of odd norm. See the books [Kl] and [Xu]. All 
our vector space are over complex numbers C. 

Let d be a positive integer and let h be a vector space with basis ei, • • ■ , e^. 
Let (, ) be a non-degenerate bilinear form on f) such that (e^e^) = 8y. Let 

r = ©f =1 Z e, be an integral lattice so that f} = T (^) C. 

z 

Define a Heisenberg algebra. 

5 = ejfcezfj(fc) ©ex 

Where each t)(k) is an isomorphic copy of fj and the isomorphism given 
by a i — > a(k). The Lie algebra structure on f) is define by 



(1.1) [a(k),P(m)] = k(a,l3)6 k+m , K 

and K is central 

Define f>± = © fc§0 f)(fc) 

The Fock space representation of h + © h_ is the symmetric algebra S(F)_) 
of f)_ together with the action of f) + © h„ on defined by 

K acts as 1. 

ct(— m) acts as multiplication by a(—m) for m > 

a(m) acts as the unique derivation on >?([)_) for which f3(—n) i — ^ 5 m)n m(a, /3) 
for m, n > 

Note that S(t)-) affords an irreducible representation of h + © fi_. 
Let Tj= {ae T\{a,a) e 2Z + i] 
Then clearly r = Tq U r T 

(1.2) We now define a Co-cycle 
F : T x T — ► {±1} by 
F(0,a) = F(a,0) = 1 and 



F(e h ef) 



if i<j 

-1 if % > j 
We extend the map bimultiplicatively to V. 

Note that F(e h -ef) = F(e h e s ) and F(a, 0) = F(a, 0)~ l 
We also note the following properties of F which can be easily checked. 
F(a, P)F(a + 0, 7) = F(0, i)F{a, + 7) for all a, 0, 7 G T 
= (-1) («.«+«. Where a G and G Tj. 
To see this let a = ^2 m ke-k, = T1 n i e i 
Then 



^2 m l = (a,a) = i(2) 
J> z 2 = {P,fi)=j(2) 

and (a, a)(0, 0) = ij(2) 
Now consider 

F(a, P)F(P, a)- 1 = F(a, 0)F(0, a) 
= l[F(e k ,e l r^l[F(e h e k r< m * 

k>l l>k 

= (— 1) D where D = y^m^n; 

k^l 

But ^2m k ni + y^m fc ra fc = ^m fc ri/ = ^771^(2) 

fc^i k k,l k,l 

So 

D = -(a,0) + (a,a)(0,0) 
= ((a,/3) + zj)(2) 

It will now follow F(a,0)F(0,a)~ 1 = (-1) 

(1.3) For each 7 in T, let e 7 be a symbol and form the vector space C[r] 
with basis {e 7 ,7 G T} over C. We define a twisted group algebra structure 
on C[r] by 

e a ■ e p = F(a, 0)e a+ ? 

Consider the space V[T] = C[T] <g> 3(f) J) 
and define f) action on V[T] by 



a(m) ■ e 7 <8> u = e 7 ® a(m)u, m^O 
a(0) ■ e 7 <g) « = (a,7)e 7 ®M 

It is a standard fact that V[r] is f) -module. 
V[r] has a natural Z 2 -gradation. 

A vector e a ®u G V[T] is called even if (a, a) = 0(2) and odd if (a, a) = 1(2). 
Then let V d [T] be the linear span of even elements and Vi[r] be the linear 
span of odd elements. Then we have V[T] = Vg[r] © Vi[r]. 
An operator T on V[T] is called even operator if 

and is called odd operator if 

Vertex operators 

Let 2 be complex valued variable and let a G T. 

Define T ± (a, *) = - -a(n)z" n 

nez± n 

Define operator z a( ^\ a G T, by z"*- '' • e 7 <8> w = z^'^'e 1 u. 

Define Vertex Operator 

Y(a,z) = e a z a ^> expT_(a, z) exp T + (a,z) 

For a G Tg define 

X(a, 2) = F(a,2;) and 

write 

X(a,z) = Y,X n (a)z- n 

Then X n (a) is a even operator on V[T]. 
For a G Tj define 

X(a, z) = V(a, 2) and 

write 

X{a,z) = Y,X n _ h {a)z- n 



So that X n _i(a) is an odd operator. For qgT, define 

a(z) = s y^ j a(n)z~ n ~ 1 

which is an even operator. 

(1.4) We will now introduce delta function and recall some standard facts 
from Section 2 of [FLM]. 
Define delta function 

8(z) = J>" 

n&L 

Then we have the following lemma holds. See [FLM] for proof and defini- 
tion. Suppose X(z, w) = X m ^ n z m w n , define D z X(z, w) — ^2,mX mjn z m ~ 1 w n 

m,n£'Z 

Lemma (1.5) 

1) X(z,w)5(z/w) = X(w,w)5(z/w) 

2) X(z,w)6(z,w) = X(z jZ )5(z/w) 
3)X(z,w)D z (5(z/w)) = X(w,w)D z (6(z/w)) - (D z X)(w,w)6(z/w) 
A)X(z,w)D w (5(z/w)) = X(z,z)D w (5(z/w)) - (D w X)(z,z)5(z/w) 

Let A = {aij = e, — ej, i ^ j} C T 

Then A is a finite root system of type A. The following is a well known 
result. See [FK] or [EM]. 

Proposition (1.6) The operator oty-(m), X n (aij), K = Id for i ^ j,m,n G 
Z, defines a representation of an affine Lie-algebra of type A on V[r]. 

(1.7) We will now introduce normal ordering and super commutator on 
operators Y(a,z). 
Suppose oGfj and (3 e Tj 



Y n {a)Y m {f3) 



Y n {a)Y m (f3) if n<m 

-lfY m {P)Y n {a) if n>m 
[Y n (a),Y m (P)\ = Y n {a)Y m {(3) - {-lf J Y m ((3)Y n (a) 
We now prove the following 



Lemma (1.8): Let a G Y (3 G Tj 

1) [Y(a,z),Y(P,w) = Oif (a, (3) > 

2) [Y(a, z), Y(P, w)] = F(a, P)Y(a + P, z) Z - 1 5(z/w) if (a, /3) = -1 

3) [a(z),Y(P,w)} = (a,(3)z- 1 Y(^z)5(z/w) 

Proof We have z Q (°) e /3 = z {a ^ z a{0) 

Note that [T_(a, z),T + (P,w)] = log(l — w/z)^ a ^' which will follow from 
(6.1.57)) of [lu]. 

Let T(a, (3, z, w) = e Q+/3 z a ^w^ exp T_(a, z)exp T_(/3, w) exp T + (a, z) exp T+(j3, w) 
Consider 

e a z a(o) eX p T_( a ^ z ) exp T + (a,z). e^z 13 ^ exp T_((3,w) exp T + (f3,w) 
= F(a, P)T(a, P, z, w)z^\l - w/z)^ 
By symmetry we have 

Y(a, z)Y(P, w) - (-l) ij Y(p, w)Y(a, z) 

= T{a, P, z, w){F{a, P)z {a '®(l - w/z)^ 
-(-l) ij F{P,a)w {fS ' a \l - z/w)^) 
Consider the term in brackets which is equal to 

F(a, P) (z {a '®(l - w/z) {a ^ - (-l) ij F(a, P)~ 1 F{P, a)w^\l - z/w)^ ] ) 
From (1.2) we have 

(-l)*F{a,P)- 1 F(J3,a) = (-l)M 

So the term in the brackets equal to 

F(a,P) ((z-w)^ - (-l)^\w- z)^) 

which is equal to zero if (a, 0) > 0. Thus we have proved (1) of the Lemma. 
Suppose (a, P) = — 1. Now the term in the bracket equal to 



F(a, P) {z-\l - w/z)- 1 + w~ x (l - z/w)- 1 ) 
= w~ l F(a, P) (f (1 - w/z)- 1 + (1 - z/w)" 1 ) 
= F(a,P)w- 1 6(z/w) 



Then we have 



[Y(a, z), Y(P, w)} = F{a, p)T{a, (3, z, w).w- 1 5(z/w) 



Now by Lemma 1-5(2) 



F(a, /3)T(a, /3, z, z)z 5(z/w) 



F(a,P)Y(a + f3, z)z~ 1 5(z/w) 



This proves the second part of the Lemma. For the third part of the lemma 
we refer to (6.1.56) of [Xu] 
We need the following 
Corollary (1.9) 

(1) For j ^ k, [X m _i (e t ), X n (ej - e k )] = 5 ik F(e h - e k )X m+n _i (e,-) 

(2) [X^iie^^n+ii-ej)} = 5ijF(ei, -ej)6 m+nt0 K. 

(3) Suppose a, {3 e T, [a(m) , X n (fi)] = (a, P)X m+n (P) 

We now recall the following known facts. Recall = — ej 

(1.10) (1) [X m (aij),X n (-aij)] = F(ai j ,-ai j )(a i j(m + n) + 5 m+nfi mK) 

2) For i ^ j 



1.10(1) is very standard. For example see [KF] or [£7M]. 

1.10(2) Follows from the definition of vertex operators. 

Note that equations are equivalent as the operator at LHS anti-commute 

and F(e h -ej) = -F(-ej,ei). 

1.10(3) Which is non-trivial can be found in (5.37) of [FZ] 





3): X(e h z)X{-e il z) := e»(z) 



In other words 




Proposition (1.11) 

The operators ek(n), X m (aij),l < i,j,k < d, n, m G Z, K = Id defines a 

A A 

representation of gld on the space V[r]. Where gld is the standard affiniza- 
tion of gld- 

Proof In view of Proposition 1.6, the only thing we need to check is 

[ejfc(r),X m (ay)] = (e k , a^Xn+rfaij) 
This will follow from Corollary 1.9(3). 



2 Affine Superalgebras 

(2.1) A lie superalgebra is a Z 2 — graded vector space = So © St equipped 
with C bilinear map [, ] : g x g — > g, called the Lie superbracket, satisfying 
the conditions. 

(1) [Qi,9j] C gj+j 

(2) [X,Y\ = -(-l)V\Y,X] 

(3) [[X, Y],Z] = [X, [Y, Z]] - (-1)« [Y, [X, Z}] 

For all homogeneous elements X 6 g-, F G fly and Z 6 gj 
The subspace is called even and the subspace gj is called odd. It is easy 
to see that g^ is the usual Lie algebra and gj is g^ module. The identity (3) 
is called super Jacobi identity. 

(2.2) An important example of a Lie superalgebra is the space of all en- 
do morphisms of a Z 2 — graded vector space V = Vo © Vj. We assume 
dimV^ = M and dimVj = N. The Z 2 — gradation on V naturally induces a 
Z 2 — gradation on 

EndiV) = (End(V))o®(End(V)) T 

by letting 

End{V)j = {/ G End{V) : /(V*) C I4 +j for all k G Z 2 } 
End V becomes a Lie superalgebra with Lie super bracket 



\f,g] = fog-(-l) v gof 



for all / G End(V)i,g G End(V)j. We fix a basis of Vo say e±, ■ ■ ■ eu and 
a basis cm+i, • • -&m+n of Vj. We denote the Lie superalgebra End(V) by 
#Z(M |iV) which is of type A. 

An elements / in End(V) can be represented by a matrix form with respect 
to the above basis. 



where A is M x M matrix, B is N x M matrix, C is M x iV matrix and D 
is iV x N matrix. 
It is easy to see that 



If X G End(V) = gl(M\N) is a homogeneous of deg i, then we denote 



(2.3) Define super trace of /, strf = Trace A — Trace D. 
Let <, > be a form on EndV by < /, g >= str(f o g). 
The form <, > satisfy by the following properties 

(1) < X,Y >= (-l)l x H y l < Y,X > (Super-symmetric) 

(2) < [X, Y},Z >=< X, [Y, Z] > (invariant) 

(3) < gl(M\N)o | gl(M\N) T >= (even) 
The root system of gl(M\N) is 



(2.4) We will now give a Chevalley type basis with the help of a Co-cycle 
for gl(M\N). 






X 



= i. 



A = { aij = ei- e v % + j, 1 < i, j < M + N} 



[Tij,T k 



kl\ 



Let T be a vector space spanned by vector T i3 , 1 < i,j < M + N We 
call Tij even if 1 < i,j < M or M + 1 < i,j < M + N. We call T i& odd if 
1 < i < M and j > M or 1 < j < M and i > M. Let To be the linear span 
of even elements and T\ be the linear span of odd elements. Then we have 
T = T © T\ is a Z 2 — graded space. We would like to give Lie superalgebra 
structure on T. 
Let T = ©^Zei and let 

F : T x T -> {±1} be the Co-cycle as defined in (1.2). 
Let Qjjj = ej — e^. Note that (a^, a k i) > —2. 
We will now define a super bracket on T. 
(Tl) 1 < i,j,k,l < M 

if (aij,a k i) > 

F(oiij, a k i)T a if j = k, I ^ i, (a^, a kl ) = -1 
F(a i3 ; a k i)T kj if / = i, j ^ k, (a^-, = -1 

a k i)(Tu - T j3 ) if / = z, j = fc, a w ) = -2 
i = j,k^l 

i = j,k = l 
[Ta, T kk ] = 

(T2) 1 < fc,Z < iV 

Pi + M,j+M, 7fc+M,/+M] = bjkTi+MJ+M ~ $il T k+ M,j+M 

(T3) 1 < z ^ j, I < M, 1 < k < N 
[Tij,T k+ M,i] = SuF(ej,ei)T k+ M,j 
[Tk+M,iTij] = SuF(ei,ej)T k+M j 
[Tu,T k+Mt i] = —SuT k+Mt i 
[Tk+M,hTii] = 5uT k+ nj,i 

(T4) 1 < i,j,k < M, 1 < I < N 
[Tij,Tk,i+M\ = Sj k F(ei,ej)T it i + M 



[Tk,i+M,Tij] — —5jkF(ei,ej)Ti 



l+M 



(T5) 1 < i,j,k < N, 1 < / < M 

[Ti+M,j+M, Tk+M,l] = 8jkTi+M,l 
[Tk+M,l,Ti + M,j+Al] = —8jkTi + M,l 

(T6) 1 < i,j,l < N, 1 < k < M 

[Ti+M,j+M, Tk,l+M\ — —8liTk,j+M 

,i+M,T i+M j +M ] — SuT k j +M 

(T7) 1 <i,l <N, 1 < j,k <M 

[Ti+Mji T ki i +M ] = 5jkT i+M) i +M + F(ek,ej)5uTkj 

[Tk,i+M,Ti + M,j] = 8jkT i+ M,i+M + F(ek,ej)5uTkj 

(T8) 1 < i,j < M, 1 < k,l < N 

[Tij, Tk+M,l+M\ = [Tk+M,l+M, Tij] = 

(T9) 1 < i, k < N, 1 < j, I < M 

[Ti+M,j,Tk+M,l] = [Tk+M,l, Ti + M,j] = 

(T10) 1 < i, k < M, 1 < j, I < N 

[Tij+M, Tkj+M] = [Tk,l+M, Tij + M\ = 

We claim that T is a Lie superalgebra with the above super bracket. It 
is sufficient to check the super Jacobi identity. This can be directly checked 
case by case but very tedious. 

Notice that the super bracket is antisymmetric for vectors of type even- 
even or even-odd. The super bracket is symmetric for odd-odd vectors. This 
is consistent with Lie superalgebra definition. 

Let f) be the subspace spanned by T ii7 1 < i < M + N. Clearly i) is abelian 
and T decomposes with respect to f). 

So by comparing the root system of T with that of gl(M\N) we conclude 
that T = gl(M\N). See [K2] for details. 
(2.5) We now define bilinear form (, on T 
(1) 1 < i,j,k,l < M 
(Tij,T k i) T = F(aij,aki)S jk 5ii 



(2) 1 < j, k < M, 1 < i, I < N 

{Tk,i+M,Ti + M,j)T = 8jkSu 

(3) 1 < i,j,k, l < N 

(Ti+M,j+M,Tk+M,l+M)T = —8jk8li 

(4) All other brackets are zero. 

Extend (, )t to whole of T bilinearly. It is straight forward to check that 
(, )t is a supersymmetric, invariant and even. 
We will now define affine superalgebra 

f = T®c[t,r 1 ]©c/i 

Let X(m) = X <g> t m , X e T, m e Z. 

[X(m), Y{n)\ = [X, Y]{m + n) + (X, Y) T 5 m+n>0 mK 

We will now write down the affine bracket explicitly on the genarators of T. 
(Rl) 1 < i,j,k,l < M 

f 

if ( an) > 

F(aij, a k i)T u (m + n) if j = k, I ^ i, (ay, a u ) = -1 
Ffej, a H )T kj (m + n) if I — i, j ^ k, (ay, a kl ) = -1 
F(aij, a k i)((T u - Tjj)(m + n) + m5 m+nfi K)ii I = i,j = k, (ay, a M ) 



[Tij(m),T k i(n)] = < 



i = j, k ^ I 

[Tii(m),T kl (n)] = {e u a H )T kl (m + n) 
i = j,k = l 

[T u (m),T kk (n)} = m S ik 5 m+n>0 K 

(R2) 1 < i,j,k,l < N 
[Ti+Mj+M('ny, T k+ M,i+M{n)\ = 

5 jk T i+M j +M (m + n) - 5 H T k+M ,i+M(m + n) - 5 jk 5u m 5 m +n, K 

(R3) 1 < % ^ j, I < M, 1 < k < N 

[Tij (ra), T k+M ,i(n)] = 5 a F{ej, ei)T k+M ,j(m + n) 

[T k+M ,i{n), Ty(m)] = 5 u F(e u ej)T k+Md (m + n) 



[Tii(m),T k+ M,i(n)] = -SuT k+M ,i(m + n) 
[T k+Mt i(n),Tn(m)] = 5 u T k+M j(m + n) 

(RA) 1 < i,j,k < M, 1 < I < N 
[Tij(m),T kt i +M (n)] = 5 jk F(e h e j )T i) i +M (m + n) 
[T fci{+Af (n),Ty(m)] = -5 jk F{e h ej)T i>l+M (m + n) 

(R5) 1 < i,j,k < N, 1 < / < M 
[T i+MJ+M (m) ,T k+M ,i(n) = 5 jk T i+M)l {m + n) 
[T k+Mt i(n),T i+ M,j+M(m)] = -5 jk T i+M ,i( m + n ) 

(R6) 1 < i,j,l < N, 1 < k < M 
[T i+M ,j + M(m),T kt i +M {n) = -5 u T k>j+M (m + n) 
[T k ,i +M {n),T i+Mtj+M (m)} = 8nT kd+M (m + n) 

(R7) 1 < i, I < N, 1 < j, k < M 
[T i+M>j (m),T ki i +M (n)] = 
S jk T i+M>l+M (m + n) + F(e k , ej)S H T kj (m + n) 
-5 jk 5u m 5 m+ni0 K 
[T kj i +M (ri),T i+Mjj (m)) = 

Sjk T i+M>l+M (m + n) + F(e k , ej) 6 U T kj (m + n) 
+Sjk 5u n 5 m+n , K. 

(R8) 1 < i, j < M, 1 < K, I < N 
[Ty(m),T fc+M) i +M (n)] = [T k+Mt i +M (n),Tij(m)\ = o 

(R9) 1 < i, k < N, 1 < j, I < M 
[T i+ Mj(m),T k+ M,i( n )\ = [T k +M,i( n )i T i+M,j(m)] = o 

(RIO) 1 < i, k < M, 1 < j, I < N 
[Tij +M (m),T kt i +M (n)} = [T kt i +M (n),T itj+M (m)] = o 

(2.6) In this subsection we will state some identities on operators acting 
on a superalgebra. 

A Z 2 -graded algebra is called super algebra. Let A = A © A 1 be Z 2 - graded 
algebra. The elements of Aq are called even and the elements of A\ are called 



odd. An operator on A is called even operator if it take even space to even 
space and odd space to odd. An operator is called odd if it takes even space 
to odd and takes odd space to even. An operator is called homogeneous if it 
is even or odd. Suppose A is homogeneous operator then let 

| A | = if X is even 

| A |= 1 if X is odd 
Suppose A and Y are homogeneous operator on A. 
Define [A, Y] = XY - |y| FA 
Note that [Y, A] = |y| [A,F]. 

The following can easily be verified. For example see [K2]. 
Suppose A, Y, Z are homogeneous operators on A. Then 

(2.7) (1)[X,YZ] = \X,Y]Z + (-lpl l y lF[A,Z] 
(2) [XY,Z]=X[Y,Z] + (-l)\ z \ \ y \[X,Z]Y 
We need the following Lemma. 

Lemma 2.8 Suppose X± and A2 are odd operators and Y\ and Y 2 are even 
operators. Further suppose [Aj, Yj] = for all i and j. Then 

[X 1 Y 1 ,X 2 Y 2 ] = [X 1 ,X 2 ]Y 1 Y 2 -X 2 X 1 [Y 1 ,Y 2 \. 

Proof Director verification. Just expand the brackets. Note that X{Yi and 
X 2 Y 2 and odd operators. 

3 Bosons and Fockspace 

In this section we recall the definitions of bosonic fields acting on a Fock 
space # from [W2]. 
For 1 < j < N let 

¥ j i z ) = E re zVi_i z ~ P and 

2 

2 

2A bosonic fields and the coefficients _i, ( P J ,_i acting on a Fock space $ 
satisfying 



(3.1) (l)^_x^ ^=0 

2*2 2 2 

(2) - i = 

2*2 2 2 

( 3 ) ~~ Vl-lK-l = -8r+s-i,o8ij 

2 " 2 b 2 2 

Then the fock space $ admits a vector |0 >, called the vacuum with the 
following properties. 



<^.-i|° >=</?! i|0>=0Vz, j,Vr,s > 

2 



Further f l _i,f :> *_i, r,s < act freely on £ and any element of the Fock 

T 2 S ~2 

space $ is linear combinations of elements obtained by applying 

Vr-kitf* i,r,s < 

2 s ~ 2 

The operators <£>*_i , <p J *_i, r, s > (respectively r, s < 0) are called annihila- 

r 2 S ~2 

tion (respectively creation) operators. 

A 

The purpose of this section is to give representation of gl (M/N) on 
the space V[r] <S> $■ The vertex operators X n (a), a(n) acting on the first 
component and the bosons ip l _i and act on the second component. In 

r 2 S 2 

particular the vertex operators and bosons commute. 

Note that V[T] <g> $ is a Z 2 -graded space with e a <E> u ® t> is even if (a, a) 
is even and odd if (a, a) is odd. 

A 

(3.2) We now give a representation of T on the space V^rjcgi^ by the following 
rule 

(1) 1 < i < M, 

Tu(z) I— >■ e;(z) =: X(e i; z)X(-ei, z) : . 

(2) zVi, l<z',i<M 
Tij(^) ^ X(ei - ej,z) 

(3) 1 < i < M, 1 < j < N 
Tij +M (z) i— >■ X(e i; z)^*(2;) 

(4) 1 < j < iV, 1 < z < M 
T j+Mti (z) H> X{-e h z)i^{z) 

(5) 1 < z, j < N 
T i+MJ+M (z) i-+: ip l (z)ip ] *{z) : 

(6) K^Id. 



Here normal ordering is the following 



2 2 2 2 

= ^liVLi if r> s 



2 2 



Note that normal ordering is not necessary in (3) and (4) as the operators 
commute. Normal ordering for (1) is defined in the earlier section. 

We will now state the main result of this section. It is stated in [KW] but 
without any proof. We could not find the details anywhere in the literature. 
So we decided to offer the details of the proof. It should be mentioned that 
we need a Co-cycle and this is not given in [iiTW]. 
For 1 < % < M, l<j<N 
Write 



S iJ+M (z) = X{e h z)ip 3 *{z) = ^ S hj 

So that 



+ M {m)z- m - 1 



For 1 < j < N, 1 < i < M 
Write 



S j+M ,i( Z ) = X {~ e iy Z W{ Z ) = S j+M,i( m ) Z m 1 



So that 



5^X r _i(- ei )^ m _ r+i = S j+M ,i( m ) 



For 1 < i, j < N 
Write 

S i+M ,j+M{z) :=: y l (z)(p>*(z) := ^ S i+M) j+M{m)z~ m ~ l 

So that 



Proposition 3.3 Notation as above. The above map defines a representa- 

A A 

tion of T=gl (M/N) on the space V[r] <g> 



Proof The only thing that we need to check is relations (Rl) to (RIO) in 
(2.5). 

Let R be the field of real numbers. 
Let 

ip:R -> {0, 1} such that 
ip(x) = 1 if | x |< 1 
= if | x |> 1 

We use the principle of truncation to deal with infinite sums. Consider Sij(m) 
which is infinite sum but Sij(m)ip(em) is finite and tends to Sij(m) as e — > 0. 
The relation is (Rl) is standard which is nothing but standard vertex operator 
construction (homogeneous picture). For example see [FK] or [EM]. We will 
first verify (R7) which is most important relation. For that it is sufficient to 
check the following: 

3.3(1) [S i+MJ (m), S k j +M (n)} 

= 5 jk S i+ M,i+Ai(m + n) + F(e k , ej)5iiX m+n (e k - ej) 

-5 jk 5 H ■ md m+nfi , if j ^ k 

= 5 jk S i+ M,i+M(m + n) + 6u e k (m + n) 

-5 jk 5 U m 5 m+nfi if j = k 

3.3(2) [S kt i +M (n), S i+M ,j{m)] 

= S jk S i+Mj i +M (m + n) + F(e k , ej)5iiX m+n (e k - ej) 

+5 jk 5u n 5 m+ n,o if 3 ^ k 

= S jk S i+ M,i+M(m + n) + 5u e k (m + n) 

+5 jk 5u n 5 m +n,o if j = k 

We will first verify (R7) which is most important. 
First consider 

A = [S i+Mtj (m),S ktl+M (n)} iff (en) = ^2Y1 [ X r-^- e j)^ m -r+^ X s-i( e k)f l *_ s+ i 

r s 

Recall that X operator are odd and ip operators are even and X operators 
commute with ip operators. So we can use Lemma (2.8). So 

A = E [ X r-i(-^X s _ h (e k )] ^ m _ r+ ^ i :_ s+ ^{en) 

r,s£Z 



- J2 X s-i(e k )X r _i{- ej ) [<_ r+ i,<_ s+ i] Hen) 

r,s£Z 

We will now use 3.1(3) and Corollary 1-9(2) to conclude 

A = 6 ik Er, se z F ( e k, -ej)S r+s _ 1>0 <fF_ 8+ ii!>(en) 
+ S U Er, se z X s-± ( e k)X r _i (-e j )(5 rn+n _ (r+s)+li0 ^(e«) 
= 5 jk F(e k , -ej) Y.s& ^ m +s-\ ¥£_ a+ i^( en ) 
+ S u E se z X s _i{e k )X m+n _ s+ i (-e^ipien) 

We will now normal order the sums. For this we split the first term according 

to m+s— \ < n— s+2 (which is in the normal ordering) or m+s— | > n—s+^. 

Similarly we split the second sum according to s — | < m + n — s + | or 

s — \ > m + n — s + | 

Thus 

- S jk 5 a E 2s >n- m +i F ( e k, -ej)^(en)5 m+ni0 
+ <S a ^ : X s _i(e fe )JC m+n _ s+ i(- ei ) : ^(en) 

seZ 

+ S* $jk E2 8 >m+m+l^( en ) (5 m+ I .,0 

A = 5 jk S i+M ,i+M^(en) 

- 5jAiJ2 s>n+ iip(en)5 m+nfi 

+ <? a ^ : X s _i(e fc ) X m+n „ s+ i(- ei ) : ^(en) 

+ 5j«5jfc E S >I H en )$m+n,0 

Now it is easy to see that 



E S >I ^(en)5 m+n , - Es>n+i ^(«i)<Wn l o 

= n<5 m+ni oV ; (e«) 

Now taking e-f Owe see that for j ^ k (Using Corollary 1.9(1)) 

A -> 5 jk S i+ M,i+M(m + n) + 8 a F(e k , -ej)X m+n (e k - ej) + 5 ife <S K nd m+nfi 

Suppose j — k (Using 1.10(3)) 

A = S jk S i+M> i +M (m + n)ip(en) 
+ 8u ej(m + n)ip(en) 
+ 5j fc £ M n5 m+n: o^(en) 



Now taking e — > we see that 



A -> 6jk S i+M j +M (m + n) + ^ ej(m + n) 
+Sjk Su n8 m+n fi 
Thus we have verified 3.3(1). 
We will now verify 3.3(2). 
Consider 

B = [S k ,i+M(n),S i+ Mj(rn)]i)(en) 

We will now use Lemma (2.8). 

B = E r>se z[^ s -i(efe),^r-|(-ei)]^_ s+ i^-r + i^( m ) 

" E r>seZ ^-i(- e i)^-i(^) [<_ <+ i.Cr+l] 

We will now use 3.1(3) and Corollary 1.9(2) 

B = ^E,, se ^r +s -i,o<„ s+ i<_ r+ i^(en) 

- <foEr,«e Z X r-|(- e i) X S -i( e fc)^m+n-(r+ S )+l,0^(en) 
~~ ErGZ 

X r _i(- ej )X m+n _ r+ i(e fc )^(er2) 
We will now normal order the sums. For that we split first sum according 
n + r — | < m — r + ^orn + r — | > m — r + | and split the second sum 
according r — | < m + n — r + | or 



~ > m + n — r + | 



B = Skj E r6 z : < +r _i <_ r+ i : <AM 



E 



2r>m—n+l 

2 



ifj(en)5. 



m+n,0 



-e s )X. 



m+n—r+ 



,(e k ) : ip(en) 



~ SuSkj E 2 r>m+n+l ^M<Wn,0 

The second + the last term equals 

fajSil (Er>m+I ^( eri )<Wn,0 ~ Er>± ^(en)5 m+n ,0 

= -8kAim5 m+nfi ijj{en) 

Note that 

"ErGZ : X r-±(- e j) X m.+n-r+±( e k) ■ 



= E : X m+n _ r+ i(e k )X r _i(-ej) : 
= efc(m + n) if j = A; 
= F(e fc , -e i )X m+n (e fc - ej) if j ^ k 



Thus as e -> 

5 -> 5 k jS i+M ,i+M (m + n) + 5nF(e k , -ej)X m+n (e k - ej) if k j 
B ->■ 8 k jS i+M) i +M (m + n) + 5 u e k {m + n) 
-8 kj 8iim8 m+nfi if k = j 

This proves 3.3(2). 

We will now verify the first part of (R3). Consider for i ^ j 

[X m (ei - ej), S k+M ,i(n}} = J2r&[ x m^i ~ e^), X r _i (-e,)^_ r+ i] 

= E re z[^m(e i -e j ), ^-i(-e ; )]<„ r+ i (Using 2.1(3)) 

= -^Er G z F (- e ^ e *- e i) X m+r-i(-ei)^_ r+ i (Using Corollary 1.9(1)) 

= 8aF(ej, ei)S k+M ,j(m + n) □ 

We will now verify the second part of (R3). For i ^ j. 

[S k + M ,i{n),X m {ei - ej) = Erezt X r-i (-e*)^_ r+ i, ^m(ei - e^)] 

= T.r^[X r -i{-ei),X m {e l - e 3 )}^ k n _ r+1 _ (Using 2.1(3)) 

= ^Er G z F ( e ^ e i) X m+r-i(-ej)^„ r+ i (Using Corollary 1.9(1)) 

= 8uF(ei, ej)S k+ M,j(m + n) (Here and above we are using 

the property of the co — cycle (1.2).) 

We will now verify the third part of (R3). 
[ei(m),S k+M ,i( n )} = [ e i( m )' X r-i(-ez)rf_ r+ i 
= 5>(m),X r _i(-eO]<^_ r+ i (Using 2.7) 

-8 u J2X r+m i(- ei )p* (Using Corollary 1.9(3)) 

= S k+M ,i(m + n) 

We will now prove the last part of (R3) 
[S k+ M,i(n),ei(m)} = ^[X r _i (-e f )^J_ r+ i , e<(m)] 

= ^[X r „i(-e ; ),e 4 (m)]^_, + i (Using 2.7) 

= <^X m+r i(-e z )^_ r+1 (Using Corollary 1.9(3)) 

rGZ 

= 5 iZ S k+M ,l( m + n ) 

The relations i?4, i?5 and i?6 are similar and much easier as the central term 
does not appear. We omit the details. The relations RS, R9 and i?10 are 



trivial to verify. 

We will now verify R2 which is actually very standard. We could not find 
any decent proof which is suitable for our situation. Any How we thought 
for the sake of completeness, we offer a short proof. 
Consider 

D = [S i+M j +M (m),S k+Mt i +M (n)}ijj(en) 

7,s6Z 

We will be using (2.7) and (3.1). Recall that all (p operators are even. Nor- 
mal ordering is not necessary as they differ by a central operator. 



D 



+ E 
= E 
+ £ 



S 2 



r,sGZ 



en 



We need to normal order the sums. For this we need split the first sum 
accordingly tor — ^ < n + m — r + | or r — | > n + m — r + | We split the 
second sum according to n + r — \ < m — r + | or ra + r — \ > m — r + | 



D 



= S jk ■ <_ i ^n+m-r+I : 




2r> n+m+1 



- vC_ r+ i = 1>(en) 



2r> m—n+1 



The second term and fourth term equal to —Sjk Su mip{en) 
So as e — > 

D ->■ Si+jvf.j+ji* (ra + n) - <5ii S k+Mtj+M (rn + n) - 5 jk 8 U m 5 m+nfi . 
This completes the Proof of the Proportion 3.3 

4 Toroidal Superalgebras 

In this section we define toroidal superalgebras corresponding to gl(M\N) 
and give representation using a bigger Fock space. 

Let g be a Lie superalgebras and let ( , ) be a bilinear form on q which 
supersymmetric, invariant and even. Fix a positive integer q and consider 
A = C[tf l , ■ ■ -t^ 1 ] a Laurent polynomial ring in q commuting variables. Let 
m = (mi, • ■ ■ rriq) G 7L q and let t m = t™ 1 ■ ■ ■ t™ q . Then g ® A has a natural 
structure of Lie superalgebra. Let X(fn) = X <g> t m G Q (g> A. 

Let Z = Qa/cIa be the space of differentials so that Qa is spanned by 
symbols t m Ki,m E Z q , 1 < i < q and cLa is spanned by Y^ m ik m Ki- We now 
define Lie superalgebra structure on 



q®A® fl A /d A 



(4.1) 



[X(m), Y{n) = [X, Y}{m + n) + (X, Y)d{t m )t 
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Where 




and X,Y E g, m, n e Z 9 . 
n^/o^A is central. 

We call this algebra a toroidal superalgebra. See [EZ] for more details. 
Define sl(M\N) = {X e g/(M |7V)|strX = 0} which is a Lie supersubalgebra 
of gl(M\N) 



(4.2) Theorem ( Theorem (4.7) of [IK]). 

sl(M\N) <S> A © f^/cU is the universal central extension of sl(M\N) © A (If 
M = N, then we take M > 2) 

The purpose of this section is to give representation of gl(M\N) © A © 
^a/^a- In particular we give a representation for the universal central ex- 
tension of sl(M\N) © A. 

We work with toroidal superalgebra r = T © A © fi^/o^ with bilinear 
form ( , )ron T. The algebra T and the form ( , )t are defined in section 2. 

We will now write down the superbracket on r using the superbracket on 
T given section 2 (Tl to T10) 
(ST1) 1 < i,j,k,l < M 
i^j,k=£l 

if (aij,a k i) > 

F(oiij, a k i)T a (m + n) if j = k, I ^ i, (o^-, a w ) = -1 
F(a ij ,a k i)T kj (m + n) if / = z',j 7^ fc, (o^-, a H ) = -1 
F(a -, a k i)((Tu - T jj )(fn + n) + if I = i,j = k, {a 



[T i:j (m),T kl (n)] 



i=j,k^l 
[Tti(m),T k i(n)] ■ 
i=j,k = l 
[Tii(m),T kk (n)] 



(ei,a k i)T k i(m + n) 
5 ik d(t m )t w ) 



(ST2) l<i,j,k,l<N 

[Ti+M ) j+M(m),Tk+M,i+M(n)] = Sjk T i+ M,i+M (m + n) 
-S u T k+MJ+M (m + n) - S jk Su d(* m )i ff 

(ST3) l<i,j,l<M,l<k<N,i^ j 

[T ij (fn),T k+M) i(n)] = 5u F(e j ,ei)T k+ M,j{m + n) 
[Tk+M,i(n),Tij(m)] = S it F(e j ,e i )T k+M)j (m + n) 
[Tii(m),T k+ M,i(n)} = -Su T k+M ,i(m + n) 
[Tk+M,i(n),T u (m)} = S a T k+M ,i(m + n) 

(ST A) 1 < i,j,k < M,l < I < N 

[r^(m),T fci / +M (rr)] = 5 jk F(e u e j )T i) i +M {m + n) 
[T k j +M (n),T i:j (m)] = -Sj k F(e i ,e j )T ii i +M (m + n) 

(ST5) 1 <i,j,k < N,l < I < M 

[T i+M j +M (m),T k+M j(n)} = S jk T i+M ,i (m + n) 
[T k+Mt i(n),T i+M j+M(m)] = Sjk T i+M ,i(jn + n) 

(ST6) 1 < < N,l < k < M 

[T i+ Mj+M(m),T k j +M (ri)] = -Su T k:j+M (m + n) 
[T kil+M (n),T i+M j +M (m)] = Su T k:j+M (m + n) 

(ST7) 1 < i, I < N, 1 < j, k < M 

[T i+M j(m),T kt i +M (n)] = S jk T i+M> i +M (m + n) + F(e k , ej)S u T kj (m + n 
-S jk S u d(t m )f 

[T kt i +M (n),T i+M ,j(rfi)] = S jk T i+M ,i+M(rn + n) + F(e k , ej)8 u T kj (m + n 
+S jk Su d(f)t m 
(ST8) 1 < i,j < M,l < k,l < N 

[Tij(m),T k+Mt i +M (n)} = [T k+M ,i+M(n),T ij (m)} = 

(ST9) 1 < i, k < N, 1 < j, I < M 

[T i+M j(m),T k+M! i(n)] = [T k+M j(n),T i+M j(m)] = 

(ST10) 1 < i, k < M, 1 < j, I < N 

[T iJ+M (m),T k>l+M (n)] = [T k j +M (n),T iJ+M (m)] = 



(4.3) We will now extend the vertex operator construction to bigger lattice 
to accommodate the toroidal case. Let T be a free Z module on generators 
ei, e<2, ■ ■ ■ eM, 6±, ■ ■ • , <5 g _i, di, ■ ■ ■ d q _\. (These S^s are not to be confused with 
S function defined earlier. These <5j's always come with an index). Define a 
non-degenerate symmetric bilinear form on T by 

(e^ ej) = 5ij, (e i5 5j) = (e i5 dj) = (5. h 5j) = (d i: dj) = 0, (<5i, dj) = 5% 

_ _ A _ 

Let fj = C ®i T and Let f)= © fceZ J)(fc) © 

_ _ A 

where t)(k) is a copy of f). The Lie algebra structure on f) is given by 

[a(k),P(m)] = k(a, (3)5 k+mfi K 

Let Q be the sublattice of T spanned by e±, ■ ■ ■ e^, Si, ■ ■ ■ , 8 q _i. 
Recall that the lattice V spanned by ei, • ■ ■ cm is defined earlier and hence 
contained in V . 

Recall that the Co-cycle F is define on Y. We now extend the Co-cycle F to 
Qby 

F(e l ,S k ) = F(5 k ,e l ) = F(6 k ,5 l ) = l 

We further extend F to be a bimultiplicative map F : Q x V — > {±1} is any 
convenient way. 

Consider the group algebra C[r] and C[Q]. Make C[T] and C[Q] module 
be defining. 

e a .e< = F(a, 7)e Q+7 , a G Q,7 G f 

Let f)_ = ©fe<o f)(^) and consider the Fock space V[r] = C[r] © 5'(f)_) where 
5'(f)_) is the symmetric algebra of f)_. 

(4.4) Notation. 

Let m = (mi, • ■ • m q -i) G Z 9_1 
So that m = (m,m q ) G Z 9 . 

Let 5^ = ^ mi S { 

i=i 

Define vertex operator as earlier for a G Q 

Y(a, z) = e a z a ^ exp T-(a, z) exp T + (a, z) 

When T + (a,z) are similarly defined as in section 1. There is a natural Z2- 
gradation on T comeing from the norm of a in T. 



Write T = Tg © T- 

— / \ (a. a) 

For a G Tq let X(a, z) = z^~Y(a, z) 
For a G Tj let z) = Y(a, z) 
In particular 

Y{5 m z) = X(S m Z) = J^XniSni)^ 1 

Write a(z) = ^ a(n)z~ n ~ l , a G T. 

The following is very obvious [a G Q) 

X(a, z)X{8 m z) = X(a + 8 m z) 

as (a, 5m) = and -F(a, §m) = 1- 

It is clear that Lemma 1.8 holds for a, (3,E Q. 
We now consider much bigger Fock space. 

The operators X(a, z), a G Q acts on the first component and the operators 
<Pi8 and (p* act on the second component. In particular they commute. 

(4.5) Recall the S operators and = — e, from earlier section. 
Let 

&ti( z )= S lj (z)X(5 nL ,z) 

so that S^(n) = ^ g , <J -(A;)X w _ fc (g ffl ) 
fcez 

Let 

so that T n Q (5„) = ^a(A;)X n _ fe (<y 



We now state and Prove the main theorem of this paper 



Theorem (4.6) The operators X and S define a representation of 

t = T ® A® VtA/d n on the space V(r) <S> $ by the following correspondence 

1 < i,j < M 

i ^ j T i3 ®t m ^ X mq ( aij + <y 

If one of % or j > M 
T . . g, t m _> Sf{m q ) 

d(t m )t n I y X mq+nq (5m+n) + m q ^rri^+n, (^m+n) 

We need the following 
Lemma 4.7 

(1) D z zX(Sm,z) = z8 m {z)X{8 m z) + X(Srn,z) 

(2) D z X{5 m z) = 8rn{z)X{5 m z) 

Proof Follows from Lemma(4.6) of [EM] just note that a(z) in our paper 
and ct(z) in [EM] differ by a factor of z. 

Lemma 4.8 

(1) D z 5(z/w).zX(5^z)X(5n:W) 

= wX(5rn + n,w)D z S(z/w) 
-W S WL (w)X(6 nk+ n,w)5(z/w) 
-X(5rn + n,w)5(z/w) 

(2) D z 5(z/w)X(5 m z)X(5n,w) 

= X(5rn + n,w)D z 5{z/w) 
-8rn(w)X(5rn + n,w)5(z/w) 

Proof Follows from Lemma 1.5(3) and Lemma (4.7) 
Lemma 4.9 

T^{5 m )+m q X mq {5 m ) = Q 
Follows from Lemma 3.13 of [J5M]. 

(4.10) We have noted that d(£™)r = -d(t")t™. Because of the Lemma 4.9 



this can be verified in the statement of the Theorem (4.6). 
Proof of the Theorem (4.6). 

It is sufficient to verify the following relation among the X and S opera- 
tors. 

(SRI) l<i,j,k,l <M 

(1) i*j,k?l 

[X(aij, z)X(5rn, z),X(a kh w)X(8 m w] = o\i (a^-, a M ) > 
= F(cty, a M )X(a ij + a kh z)X(5rn+n, z)S(z/w) if (ay, a kl ) = -1 
= F(aij, -a ij )a ij (w)wX(5 IR+ n,w)5(z/w) 
-F(a i:j , -a ij )(wX(8rn +ll ,w) D z 5(z/w) 

-W 6m(w)X(S m+ n,w)S(z/w) 

-X(S m+ n,w)5(z/w)) if (a i: j,a kl ) = -2 

(2) i = j,k^l 

[e i (z)X(S nk , z),X(a kh w)X(6 w w] 

= (e h a k i)w~ l X(a kU w)X(5rn+n, w)5(z/w) 

(3) i = j,k = l 

= [ei(z)X(5rn,z),e k (w)X(5n,w)} 

= -5 M W~ l X(5rn+n,w)D z S(z/w) 
+5 M UJ- 1 Srn(w)X (5 m+ n, w)5(z / w) 

(SR2) l<i,j,k,l<N 

[&i+M,j+M ( Z )' Sk+AI,l+Rl( W )} 

= S jk S^ l+M (w)w~ 1 5(z/w) 
-S u Sf^ l+M {w)w- 1 5(z/w) 
+5 jk 5i i (w- 1 X(5 m+ n,w) D z 5(z/w) 

-W~ l 5 J n{w)X(5 m& n,w) S(z/w)) 



(SR3) l<i,l<M,l<k<N 

(1) i*j 

[X{oi j} z)X(8 m z), S% +Ml {w)] 



w 



= 6 U F{e j ,e i )S^ ij {z) 8{z/ 

[ S k+M,l( Z )i X ( a iji w)X(6 m W)} 

= 5a F(ei,ej)S^j(w) S(z/w) 

(2) • = j 

[ei(z)X(5rn,z),S% +M /w)} 
= Sii Sf+M/w)™' 1 S(z/w) 

[ S k+M,l( z )> e i( w ) X ( S m., w )} 

= S u Sf^(w)w^ 1 5{z/i 



(SRA) 1 < i,j,k < M,l < I < N 

(1) i*3 

[X(aij, z)X(5rn, Z), Sf ; +M (»] 

= 5 jk F^e^Sf^iw) 5(z/w) 
i S k,i+M( z )' X(a ij ,w)X(5 m w)} 
= -5 jk Fie^e^Sfff^iw) S(z/w) 

(2) i = J 
[ei(z)X(6rn,z),S% jl+M {w)] 
= S ik SfjXl^w" 1 S(z/w) 

= S ik Sfff^ w~ l 5(z/w) 
(SR5) 1 < i,j,k < N,l < I < M 

= S jk S^j^w)™- 1 5(z/w) 

[S~k+M,l( Z )i Si+MJ+M( W )] 

= -S jk Sgjr, w- 1 6{z/w) 



(SRQ) 1 <i,j,l < N, 1 < k < M 

[S% Md+M (z), S% )l+M (w)] = -5u Sf^ M (w)w~ l 8{z/w) 
[ S k,i+M( z )^ S i^M,j+M( w )} = s n S fj+Ni( w ) w ~ l 8{z/w) 

(SR7) 1 < i, I < N, 1 < j, k < M 
k^j 

= 5 jk Sf+f l+M (w)w- 1 5{z/w) 

+5u F(e k ,ej)X(a kj + 5rn+n,w)w~ 2 6(z/w) 

+S jk Su(w~ l X(5rn+n,w) D z 5(z/w) 

-w- 1 5m{w)X(5 m +n,w) S(z/w)) 

[ S k,l+M( z ), S itM,j( W )] 

= 5 ik S^ l+M w~ l 8{z/w) 

+5 H F(e k ,ej)X(a kj + 6 m+w w)w~ 2 6(z/w) 

-8j k 5li(w~ l X(5rn+n,w) D z 5(z/w) 
-W" 1 5n(w)X(S m+ n,w) 5(z/w)) 

j = k 

[Sfi M /z),Sli +M (w)} 

= S jk SfHl l+M (w)w~ 1 S(z/w) 

+5 U F(e k ,e j )e j (w)w- 1 X(5 mL+ n,w) 6(z/w) 

+5 jk Su W- l X(5rn+n,w) D z 5(z/w) 
-5 jk 5u W~ l 5rn(w)X(5 m+ n,w) 5(z/w) 

J = k 

[ S k,l+M( Z )' S i+M,j( w )} 

= S jk S^ A j l+M (w)w~ l 5{z/w) 

+5u F(e k ,e j )e j (w)w~ 1 X(5 m+ n,w) S(z/w) 

-5 jk 5 h W~ l X(5rn+n,w) D z 5(z/w) 
+S jk Su W' 1 5n(w)X(5rn + n,w) 5{z/w) 



(SR8) 1 < i,j < M,l < k,l < N 

[X(0Cij, z)X(Srn, Z), S% +M j +M {w)] = 

[S k 1 +Mil+M {z),X(a ij ,'w)X(S m w)} = 
Note that for i = j, X{a^, z) has to be replaced by ti{z). 

(SR9) 1 < i, k < N, 1 < j, I < M 
(SR10) 1 < i, k < M, 1 < j, I < N 

= fcWiftwW] = 

When we expand the above infinite series in components form we will see 
that the relations SRI to SR10 will be equal to ST1 to ST10. In order to 
verify the relations SRI to SR10, we need to rewrite the relations Rl to -RIO 
in the infinite series form. Thus we have the following. 

(SI) 1 < k,l < M 

(1) i^j,k^l 
[X(a ij ,z),X(a ku w)\ = if (a i:j ,a k i) > 

= F(aij,a k i)X(aij + a kU z)5(z/w) if (c^a^) = -1 

= F(aij, -aij)(aij(z)z 6(z/w) - z D z S(z/w)) if = -2 

(2) i=j,k^l 

[ei(z),X(a k i,w)] = z~ 1 (e i ,a kl )X(a kh z) 5(z/w) 

(3) i= j,k = l 

[ei(z),e k (w)) = -6 ik w' 1 D z 6(z/w) 



(52) l<i,j,k,l<N 

[Si+M,j+M{z), Sk+M,l+Nl(w)] = 

S jk S i+M ,i+M{z) w~ l S(z/w) 
-5u S k+MJ+M (z) w 1 8(z/w) 
+S jk S u w~ l D z S(z/w) 

(53) 1 < < M, 1 < k < N 

(1) i*3 

[X(0Cij,z),S k+ M,l(w)] 

= Su F(e j ,e i )S k+ M,j(z) 5(z/w) 

[Sk+M,i{z),X(aij,w)] 

= Su F(e i ,e j )S k+M>j (z) 6(z/w) 

(2) • = j 

[ei(z), S k+M ,i(w)] 

= -S u S k+M ,i(z) w~ l 6(z/w) 

[S k+M ,i{z),ei(z)] 

= Su S k+M ,i(z) w' 1 S(z/w) 

(54) l<i,j,k<M,l<l<N 

(1) i*3 
[X(aij,z),S ki i +M (w)] 

= S jk F(e h e j )S iHM {z) S(z/w) 

[S k ,i+M(z),X(aij,z)] 

= -S jk F(e i ,e j )S i> i +M (z) S(z/w) 

(2) • = j 
[ei(z),S k ,i + M{w)) 

= S ik S i> i +M (z) w' 1 S(z/w) 

[Sk,i+M(z),ei(w)] 

= S ik S it i +M (z) w~ l S(z/w) 



(55) l<i,j,k<N,l<l<M 

[Si+M,j+M{z), Sk+M,l{w)\ 

= 5 jk S i+M) i{z) w~ l S(z/w) 

[Sk+M,l(z), Si + M,j+M{W)] 

= -5 jk S i+M ,i{z) w' 1 S(z/w) 

(56) 1 <i,j,l < N,l < k < M 

[Si+M,j+M{Z), Sk,l+M(w)] 

= Sii S kJ+M (z) w~ l S(z/w) 

+m(z), Si + M,j+M{w)\ 

= Sh S kJ+M (z) w' 1 S(z/w) 

(57) 1 < i, I < N, 1 < j, k < M 

(1) 3 + k 

[S i+M ,j(z), Sk,l+M(w)] 

= 5 jk S i+M ,i+M(z) w' 1 6(z/w) 

+5 H F(e k ,e j )X(a kj ,z)z- 1 w- 1 5{z/w) 

+5 kj 5u w' 1 D z 5{z/w) 

j = k 

[S i+ M,j(z),S kt i +M (w)] 
= S jk Si+Mi+uiz)™- 1 5{z/w) 
+5 H F(e k ,e j )e j (z) w~ l 5(z/w) 
+5 kj 5u w~ l D z 5(z/w) 

(2) j ? k 

[Sk,l+M(z) : S i+M ,j(w)] 

= 5 jk Si+Mj+Miz)™- 1 5(z/w) 

+5 H F(e k ,e j )X(a kj ,z)z~ 1 w- 1 S(z/w) 

-5 jk 5u w~ l D z 5(z/w) 



[S k> i +M (z), S i+MJ (w)} 
= S jk S i+Mi i +M (z) w~ l 8(z/w) 
+5n F(e k ,e j )e j (z)w~ 1 S(z/w) 
-6 jk 6u w' 1 D z 5(z/w) 

(S8) 1 <i,j <M, 1 < k,l < N 

[X(a ij ,z),Sk+M,i+M(w)] = [S k +M,i+M(z) J X(a ij ,w)] =0 

Note that for i = j, X(aij, z) has to be replaced by e^z). 

(S9) 1 < i, k < N, 1 < j, I < M 

[S i+ M,j(z), S k+M ,i(w)} = [S k+Mt i(z),S i+MJ (w)] = 

(S10) 1 < i,k < M,l < j,l < N 

[Si,j + M{z),S k j +M {w)] = [S kj i +M (z), S itj+M (w)] = 

It is now a simple matter to verify SRI to SR10 by using Lemma 4.7 and 
4.8 and the relations SI to S10. We will only verify the third part of SRI 
and SRI which is more complex then others. The rest of the relations can 
be verified similarly. 

Recall that the operators X(5m, z) commute with all operators. To verify 
SRI (third part) consider 

[e i (z)X(S 1 n, z), e k (w)X(5n, w)} 

= [ei(z),e k (w)}X(5rn,z)X(5n,w) 

= -Ski w- x D z 8{z/w)X{8 m z)X{S Jk ,w) (by SI ) 

= S ki W~ 1 X(5rn + n,w)D z 5{z/w) 

+5 ki w~ l 5m(w)X(Srn + n,w) S(z/w) (by Lemma 4.8(2) ) 
Which is precisely SRI (3rd part) 



We will now verify the first and third part of SR7. Consider for k ^ j 



[ S ^M,j( Z )^ S k,l+M( W )} 

= [S i+MJ (z)X(5 I r k ,z),S kil+M (w)X(6n,w)] (by 4.5 ) 
= [S i+M ,j{z), S k> i +M {w)] X(5 m z) X(S„,w) 
= S jk S i+M) i +M {z)w- 1 6(z/w) X(S m ,z) X(5n,w) 
+S U F(e k ,ej)X(a kj ,z)z~ l w~ l S(z/w)X(Srn, z) X(S rk ,w) 
+5 jk 5u w~ l D z 5(z/w)X(5rn,z) X(S R ,w) (by S7 ) 
= S jk S i+Mt i +M (w) w~ l X(S m w) X(Sn,w) S(z/w) 
+S U F(e k ,ej)X(a kj ,w)w- 2 X(S m w) X(Sn,w) 5(z/w) 
+S jk 5n(w~ 1 X(S I!1+11 ,w) D z 5(z/w) 

—w~ l 5m(w)X(5rn+n,w) S(z/w)) (By Lemma 4.7 and 4.8 ) 

for k = j 

[ s ftM,j( z )^ S k,i+M( w )} = [S i+M ,j(z)X(5 !R , z), S k ^ +M (w)X(5 IL ,w)] (by 4.5 ) 

= [S i+ M,j(z),S kt i +M (w)] X(5rn,z) X(Sn,U]) 

= 5 jk S i+M ,l+M(z)w~ 1 5(z/w) X(5rn,z) X(Sn,w) 

+5u F(e k ,e j )e j (z)w- 1 S(z/w)X(Srn, z) X(S R ,w) 
+S jk S u w~ l D z S(z/w)X(S m z) X(S R ,w) (by S7 ) 
= 5 jk S i+M j +M (w) w~ 1 X(S m + 5n,w) 5(z/w) 
+6n F(e k ,e j )e j (w)uj- 1 X(Srn + S w w) 5(z/w) 
+5 jk Su w~ 1 X(S m+n ,w) D z 5(z/w) 

—Sj k Su w~ l Sm(w)X(Sm+n,w) S(z/w) (By Lemma 4.7 and 4.8 ) 



We now verify the 2nd part and 4th part of SKI Consider for k ^ j 



[ S k,l+M( Z )i S i^M,j( w )} = [Sk,i+M(z)X(5n,z),S i+ M,j(w)X(5rn,w)] (by 4.5 ) 

= [S k> i +M {z),S i+M ,j{w)] X(5n,z) X(Srn,w) 

= 5 jk Si+Mj+M^W- 1 5{z/w) X(Sn,z) X{5rn,w) 

+5 h F(e k ,ej)X(a kj ,z) z' 1 w' 1 8(z/w)X(8 7k ,z) X(6 m w) 
-5 jk 5u w' 1 D z 5(z/w)X(5n,z) X(8 m w) (by S7 ) 

= 5 jk S i+M ,l+M(w) W~ 1 X(5 1 n + 5 R ,W) 5(z/w) 

+5 H F(e k ,ej) X(a kj ,w) w~ 2 5(z/w)X(5 mL + 5 R , w) 

-8 jk 5 U X(5rn + n,w) W~ l D z 5(z/w) 

+5 jk 5 H w~ l 5n{w)X(5 m +n,w) 8{z/w)) 
for k = j 

-\-m( z )> ^i+Mj( w )] ~ [^k,i+M{z)X(5n, z), Si + M,j(w)X(8 mL ,w)] (by 4.5 ) 

= [S k! i +M ,j{z), S i+ M,j{w)] X(5n,z) X(6rn,w) 

= 5 jk S i+Mi i +M (z)w- 1 5(z/w) X(5n,z) X(5 m w) 
+5 U F(e k ,ej) ej(z) w' 1 5(z/w)X(5 v ,,z) X(8 m ,w) 
-S jk Su u> _1 D z 5(z/w)X(5n,z) X(5 m w) (by S7 ) 

= S jk S i+M ,l+M(z) W~ 1 X{5 t n + &n,w) S(z/w) 

+5 H F(e k ,ej) e^w) w~ l + w) 5(z/w) 

-6 jk 6u w' 1 X(5 m+!k ,w) D z 5(z/w) 

+5 jk Su W- 1 5n(w)X(5r R+ n,w) S(z/w)) 

Note that we are useing Lemmas 4.7 and 4.8 in the above calculations. 



Remark 4.10 

1. The central element t m Ki, 1 < i < q — 1 acts as T^(5 m ). The central 
element t m K g act as X mq (5 1 n). In particular K q acts as X (0) = I d . 

_ A 

2. The module V[T] (g) # is integrable with respect to sl(M) but not 

A 

integrable with respect to sl(N) the second component of the even 
part. See [EZ] and [-E-F] for some interesting results on integrable 
modules. 

3. The module V[T] <S> 5 is not irreducible. 

For example 5 221 (A;)(V r [r] (g) is always a proper sub module for any 
m G and any A; < 0. 

4. The structure of sub modules and quotient modules of V[T] Cg^ will be 
investigated in a subsequent paper. 

A 

5. Theorem (4.5), when restricted to sl(M), recover the main result of 
[EM] and [J5MY] . In fact the proof here as much simpler than [EM] . 
In the Lie algebra case our proof works for any simply laced case. 

6. It is easy to see the representation is faithful. The only nontrivial thing 
is to prove that the full center acts faithfully. This follows from [£M]. 

Acknowledgements: I thank Drazen Adamovic for some clarification on super 
vertex operator algebras. 
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